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Abstract In the present paper, the exact solutions of spheri-
cally symmetrical Einstein field equations describing worm-
holes supported by phantom energy that violates the null
energy condition from Shan–Chen background fluid are
obtained. We have considered the important case of the
model parameter ψ ≈ 1, which corresponds to the “satu-
ration effect”, and this regime corresponds to an effective
form of “asymptotic freedom” for the fluids, but occurring at
cosmological rather than subnuclear scales. Then we inves-
tigate the allowed range for the values of the model param-
eters g and ω when the spacetime metrics describe worm-
holes and discuss the possible singularities of the solutions,
finding that the obtained spacetimes are geodesically com-
plete. Furthermore, we construct two traversable wormholes
through matching our obtained interior solutions to the exte-
rior Schwarzschild solutions and analyze the traversablities
of the wormholes. Finally, we consider the case of anisotropic
pressure and discover that the transverse pressure also crosses
the phantom divide −1 with the growth of the wormhole
dimension, and it tends to be the same as the radial pressure
with the growth of the wormhole radius.
1 Introduction
Nowadays, all existing observational data are in good agree-
ment with the simplest picture of a six parameter based
cosmology, namely, the CDM model, favorably leaving
a viable dark-energy component to enrich the cosmologi-
cal constant effects. According to this model, the universe is
described well by a Friedmann–Robertson–Walker (FRW)
metric, whose gravity source is a mixture of non-interacting
perfect fluids including a cosmological constant with the
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main dark matter component. However, no theoretical model
able to precisely determine the nature of dark energy is
available at present. In recent years, besides modified grav-
ities there have been proposed a variety of models for dark
energy, which include, for example, the quintessence model
[1,2], scalar field models with nonstandard kinetic terms (k-
essence) [3], Chaplygin gas models [4], braneworld models
[5,6], dark fluid models [7–12], and cosmological models
from scalar–tensor theories of gravity (see, e.g., Refs. [13,14]
and references therein). Unfortunately, these models are all
described mainly by a similar behavior of the equation of
state. Nevertheless, in 1993, a new modified equation of state
(EoS) was first proposed by Shan and Chen (SC) in the con-
text of lattice kinetic theory [15] for describing a complex
fluid, with the primary intent that repulsion is replaced by
a density-dependent attraction. Then 10 years later, Donato
Bini et al. have studied the dark-energy properties from cos-
mological fluids obeying the SC non-ideal equation of state
[16]. The main idea is to postulate that the cosmological flu-
ids obey an SC equation with “asymptotic freedom” regimes,
namely, ideal gas behaviors at both high and low density
regimes, with a liquid–gas coexistence cycle. Through some
numerical calculations, they found that in the cosmologi-
cal Friedmann–Robertson–Walker (FRW) framework a cos-
mic fluid obeying the SC equation of state naturally evolves
toward the present-day universe state with a suitable dark-
energy component, with no need of invoking any cosmolog-
ical constant. Therefore, we are very interested in exploring
the SC EoS effects further in the astrophysics scales if the
dark-energy phenomenon is universal, especially the possible
wormholes supported by this new cosmological fluid, as the
phantom dark energy has violated the null energy condition,
which is essential for wormhole formation. Another motiva-
tion is that two recent studies [17,18] have demonstrated the
possible existence of wormholes both in the outer regions of
the galactic halo and in the central parts of the halo, respec-
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tively, based on the Navarro–Frenk–White (NFW) density
profile and the universal rotation curves (URC) dark matter
model simulation and fittings [19,20]. Especially, the sec-
ond result is an important complement to the earlier results
as regards theoretical discussions of possible wormhole prop-
erties, thereby inspiring common interests in exploring the
possible existence of wormholes in most of the spiral galaxies
with a universally distributed dark energy.
Wormholes are a possibly amazing result in the Einstein
gravity theory of general relativity (GR), since they can pro-
vide an alternative method for rapid interstellar travel with
novel properties, which may be defined briefly as tunnels
in the spacetime topology connecting different universes or
widely separated regions of our universe via a throat [21,22].
Recently, the increasing attention to the investigation of such
objects is due in some sense to the discovery that our uni-
verse is undergoing an accelerated expansion [23,24], coined
the ‘dark-energy phenomenon’. Since the two cases (worm-
holes and accelerated expansion universe) are both in viola-
tion of a null energy condition explicitly (the null energy
condition requires the stress-energy tensor Tαβkαkβ ≥ 0
for all null vectors), p + ρ < 0, and consequently other
energy conditions. Therefore, an interesting and implying
overlap has appeared between the two seemingly separated
subjects. More precisely, the accelerated universe expansion
can be described globally by the GR strictly derived Fried-
mann equation a¨/a = − 4π3 (ρ + 3p), i.e., we require a¨ > 0.
(Here and throughout the article we take units G = c = 1.) It
is obvious from previous work [25–30] that we know the cos-
mic acceleration is caused mathematically by a hypothetical
negative pressure dark energy with the energy density ρ > 0
and p = ωρ with the EoS parameter ω < − 13 . An important
feature of dark-energy models is the phantom dark energy
when the EoS parameter ω < −1, for which the same vio-
lation of the null energy condition as for the wormhole case
occurs. Thus, we can explore the wormholes supported by
phantom energy through studying the situation for ω < −1.
Additionally, in the quintessence models the parameter range
is −1 < ω < −1/3, and recent astrophysics observations
mildly favor a phantom dark-energy scenario. Moreover, the
case ω = −1 corresponds to a cosmological constant, and
ω = −2/3 is extensively analyzed in the nice work of [31].
A recurring problem in general relativity is to find the
exact solutions to the Einstein field equations [32–34]. In
this paper, provided that the universe is permeated by a dark-
energy fluid, therefore, besides the cosmic scales we should
also investigate the astrophysical scale properties of dark
energy. So we plan to explore the phantom energy worm-
holes from SC fluids with considering Shan–Chen’s interest-
ing and intriguing EoS work applying it to the astrophysics
scales.
The current work is organized as follows. In the next sec-
tion, we review some properties of the cosmic wormhole
model and make a brief introduction to the SC equation of
state. Moreover, we derive the field equation of the impor-
tant case for the parameter ψ = 1 starting from a general line
element and the SC equation of state. In the sub-sections of
Sect. 3, we make two special choices for the redshift function:
	 = C and 	(r) = 12 ln(r1/r), respectively, and we obtain
the corresponding two solutions. We analyze the singularities
and construct two traversable wormholes through matching
the interior solutions to the exterior Schwarzschild solutions.
Moreover, we calculate the total mass of the wormhole when
r ≤ a or r ≤ b, and we find that the surface stress-energy
σ is zero and the surface tangential pressure ℘ is positive
when discussing the surface stresses of the solutions. Sub-
sequently, we analyze the traversabilities of the wormholes
and take into account the case of an anisotropic pressure. In
the final section, we draw some conclusions and present dis-
cussions as regards our work and point out possible work in
the future.
2 The problem background
The metric of the normal wormhole system can be generally
written as
ds2 = −e2	(r)dt2 + e2α(r)dr2 + r2(dθ2 + sin2 θdφ2), (1)
where r is the radial coordinate which runs in the range r0 ≤
r < ∞; 0 ≤ θ ≤ π , and 0 ≤ φ ≤ 2π are the angular
coordinates. 	(r) is the redshift function, for it is related to
the gravitational redshift. The function α(r) has a vertical
asymptote at the throat r = r0:
lim
r→(r0)+
α(r) = +∞. (2)





b(r) = r(1 − e−2α(r)). (4)
To describe a wormhole, the metric should obey some condi-
tions [21]. The metric coefficient e2	(r) should be finite and
non-vanishing in the vicinity of r0, and b(r) should satisfy
the following relations:
b(r0) = r0, (5)
b′(r0) < 1, (6)
b(r) < r, r > r0. (7)
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Using the Einstein field equation, Gαβ = 8πTαβ , in an
orthonormal reference frame, we have the following stress-
energy scenario:












Gθθ = Gφφ = 8πpt = e−2α(r)
×
{









where pr denotes the radial pressure and pt the transverse
pressure. Furthermore, it is easy to derive from the conser-
vation law of the stress-energy tensor T ν





(pt − pr ) − (ρ + pr )	′. (11)










ψ = 1 − e−β
ρ
ρ(crit),0 , (13)
where ρ(crit),0 = 3(H0)2/8π is the present value of the criti-
cal density (H0 denoting the Hubble constant) and the dimen-
sionless quantities ω, g ≤ 0, and β ≥ 0 can be regarded as
free parameters of the model.
Substitution yields
ωα′(r) + ω + 1
2r














We find two solutions when ρ  ρ∗, ρ∗ = ρ(crit),0)/β (ρ∗
being the typical density above which ψ undergoes a “satu-
ration effect”), i.e., ψ ≈ 1 [16]; this regime corresponds to
an effective form of asymptotic freedom. So the SC equation









Since the pressure p is negative, −ρ < g2 ρ(crit),0 < 0, so
ω < − ρ
ρ+ g2 ρ(crit),0
< −1 corresponds to a SC version of
phantom energy. Moreover, it is not difficult to derive that the
SC fluid corresponds to a quintom-like universe. It follows
that
ωα′(r) + ω + 1
2r
(e2α(r) − 1) + 2πωρ(crit),0ge2α(r) = 	′(r).
(16)
This equation tells us the close relationship between 	′(r)
and α′(r) and hence between 	(r) and α(r). It is easy to see
when β = 0 or g = 0 that the equation of state will reduce
to p = ωρ.
3 Exact solutions for wormholes
3.1 Special choice for the redshift function: 	 = C
We have the first solution through inserting the redshift func-
tion by hand 	′(r) = 0, resulting in 	 = constant = C [35],
then Eq. (16) becomes
ωα′(r)+ ω + 1
2r
(e2α(r) −1)+2πωρ(crit),0ge2α(r) = 0. (17)




r1+ 1ω − r1+
1
ω























×dr2 + r2(dθ2 + sin2 θdφ2). (19)
Since 	 = C , we have e2	 
= 0 and the space-time avoids an
event horizon. It is easily checked that b(r0) = r0, and if we
want the shape function to satisfy b′(r0) < 1 and b(r) < r ,




< g ≤ 0. (20)
Equation (19) is obtained by the simplest condition that the
function f (r) obeys
f (r) = r − b(r) = r− 1ω
×
⎡
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( f (r0) = 0) is monotonically increasing in the range r > r0
and b′(r0) = − 1ω −4πgρ(crit),0r0 < 1. (We also observe that
if ω > −1 the flare-out condition is no longer satisfied.)
Also clearly the metric is not asymptotically flat. However,












+ r2(dθ2 + sin2 θdθ2). (22)
To match the interior to the exterior, one needs to apply the
junction conditions that follow the theory of general relativ-
ity. If there is no surface stress-energy term at the surface
S, the junction is called a boundary surface. If, on the other
hand, surface stress-energy terms are present, the junction is
called a thin shell.
A wormhole with finite dimensions, in which the matter
distribution extends from the throat, r = r0, to a finite dis-
tance r = a, obeys the condition that the metric is continuous.
Due to the spherical symmetry the components gθθ and gφφ
are already continuous, so one needs to impose continuity
only on the remaining components at r = a:
gtt (int)(a) = gtt (ext)(a), (23)
grr(int)(a) = grr(ext)(a). (24)
Equations (22) and (23) are for the interior and exterior com-
ponents, respectively. These requirements, in turn, lead to
	int(a) = 	ext(a), (25)


























Returning to 	 = C , we now have














Thus, the line element becomes
ds2 = −C ′dt2 + 1
V (r)
dr2 + r2(dθ2 + sin2 θdφ2), (30)
V (r) = r−1− 1ω
×
⎡










Our next step is to take into account the surface stresses.
Using the Darmois–Israel formalism [36,37], the surface
stresses are given by















⎝ 1 − Ma√
1 − 2Ma






It is thus clear that the surface stress-energy σ is zero and
the surface tangential pressure ℘ is positive.
Another important consideration is the singularities of the
solution. To see this, we can deduce that V (r) = 0 when
r = r0, but it is not a physical singularity. Then let us con-
sider a free particle with an energy E = −u0 and angular
momentum L = uφ (in dimensionless units) moving in Eq.
(16), uμ being the 4-velocity. As usual, we choose the plane
to be θ = π/2, so one can easily obtain from the condition
gμνuμuν = ε (ε = 0 for massless particles and ε = −1 for
massive particles) that









Here we just consider radial null geodesics (L = 0, ε = 0),
and let E = 1, ω = −11/10, e2C = 1, r0 = 1, g =
−7/1000, ρ(crit),0 = 1. (Here we are just to demonstrate
that the proper time is finite at the throat through taking
these values which may be not true values for the param-
eters and quantities; for references, see [38,39].) Hence, the





= −V (r), (35)


























where m, n, and D are the upper limit of integration, the
variable of integration, and an integration constant, respec-
tively. Obviously, τ is always finite when r = r0 = 1 is not a
123
Eur. Phys. J. C (2016) 76 :171 Page 5 of 7 171
physical singularity. Thus, one can easily see that the metric
is geodesically complete.
After matching our interior solution to the exterior
Schwarzschild solution, we have constructed a traversable
wormhole. So an important consideration affecting the
traversability is the proper distance l(r) from the throat to







which is finite through some simple numerical calculations.
Another consideration is the time dilation near the throat.
Here we let v = dl/dτ in order that dτ = dl/v (assum-
ing that the observer who will pass through the worm-
hole in the spaceship has a non-relativistic speed, i.e. γ =√
1 − (v/c)2 ≈ 1). Because dl = eα(r)dr and dτ = e	(r)dr ,





















Through some numerical calculations in which we make
some appropriate choices for the parameters ω, r0, and g,
we find that t also behaves well near the throat. For exam-
ple, we get l(1.1) = 4.90 km, l(1.3) = 9.50 km and
l(1.5) = 15.17 km, according to these values of l(r), we also
find that t = 2.04×10−5 s, 3.90×10−5 s and 6.32×10−5
s, respectively (here we still use the above assumed values
of parameters, and let r0=1 km, 	 = C = 0, v = 200 m/s).
Thus, we can discover that the smaller l(r) is, the shorter the
time for the comoving observers to pass through the worm-
hole is, and l(r) increases very fast with the growth of the
throat radius r0.
3.2 Special choice for the redshift function:
	(r) = 12 ln(r1/r)
Another possibility is 	(r) = 12 ln(r1/r) [39], for some con-
stant r1; after substitution into Eq. (16) we have
ωα′(r)+ω + 1
2r
(e2α(r)−1)+2πωρ(crit),0ge2α(r) = 12r . (40)
Here we still consider the important case ψ ≈ 1, since the
quantity ψ can be interpreted as the density of a chameleon
scalar field [40,41], which is used for reconciling large cou-

















So the line element becomes

















×dr2 + r2(dθ2 + sin2 θdθ2). (42)
Here we have
b′(r0) = − 1
ω
− 4πgρ(crit),0 (2 + ω)r01 + 2ω < 1, (43)
and assuming the simplest condition that
f (r) = r − b(r) = r − 1 + ω
2 + ω r +
1 + ω
















(1 + ω)(1 + 2ω) (44)
is monotonically increasing in the range r > r0 and f (r0) =
0. Hence, we have the relation
−(1 + ω)(1 + 2ω)
4πρ(crit),0r0ω(2 + ω) < g ≤ 0, ω < −2. (45)
After checking, which is easy, we see that the metric satis-





















where m, n, and D′ are the upper limit of integration, the
variable of integration, and an integration constant, respec-
tively. Similarly, here we still consider radial null geodesics
(L = 0, ε = 0), and let E = 1, ω = −11/10, e2C = 1, r0 =
1, g = −7/1000, ρ(crit),0 = 1; we find that the spacetime of
the solution is also geodesically complete.
Once again, the metric Eq. (41) can be glued to the
Schwarzschild region at r = b. Using Eq. (26), we have
the mass of the wormhole
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Fig. 1 The relation between the coefficient of the transverse pressure
η(r) and the radial coordinate r . The dashed (blue) line and the solid
(red) line correspond to η(r) and the CDM model, respectively. In
the left panel, we take r0 = 100, g = −1, ρ(crit),0 = 6.78 × 10−74 and
ω = −1.1. In the right panel, we take ω = −1.5













(1 + ω)(1 + 2ω) . (47)
Returning to 	(r) = 12 ln(r1/r), we have
r1 = b − 2M =
(1 + ω)
[












(1 + ω)(1 + 2ω) . (48)
Here letting C1 = r1/r , the line element becomes
ds2 = −C1dt2
+ 1












×dr2 + r2(dθ2 + sin2 θdθ2). (49)
Then taking into account the surface stresses in the forms of
Eqs. (30)–(31) again, the same conclusion, that the surface
stress-energy σ is zero and the surface tangential pressure ℘
is positive, is obtained. Similarly, doing the same to the metric
as the first, we can also find that the wormhole is traversable
and the proper distance l(r) is finite; the coordinate interval
t , as is clear through some numerical calculations, is well
behaved near the throat.
3.3 Anisotropic pressure
In this section, we will consider the case of anisotropic pres-
sure pt = ηρ, which is based on Ref. [39]. For simplicity, we
just take into account the specific redshift function 	 = C .
Subsequently, replacing Eqs. (8), (15), and (18) in Eq. (11),
we can easily obtain the following relationship:










×(ω(4πgr0ρ(crit),0 + 2) + 1)
×(ω(96π2g2ρ2(crit),0r2ω3 + 4πgρ(crit),0r(2ω + 1)













+1(ω(4πgr0ρ(crit),0 + 2) + 1)2
×(ω(8ω2(3πgρ(crit),0r + 1) − 8πgω3r 3ω +4
×(4ω(πgρ(crit),0r + 6) + 3) + ω + 1) + 1))/
×(ω(r 1
ω










0 (ω(4πgρ(crit),0r0 + 2) + 1)













+1(ω(4πgr0ρ(crit),0 + 2) + 1)
×(8πgρ(crit),0rω2 − 2ω − 1) + 8πgρ(crit),0ω2r 2ω +3
×(2ω(πgρ(crit),0r + 1) + 1))}. (50)
One can find that η is a function of the radial coordinate r in
this case, differing from that in [39]. Furthermore, we obtain
the most interesting result in this study that the transverse
pressure also crosses the phantom divide ω = −1 with the
growth of the wormhole dimension, and this tends to be the
same as the radial pressure with the growth of the wormhole
radius (see Fig. 1). More interestingly, the aforementioned
result implies that, if the lateral pressure pt also violates
the NEC, one will get a novel wormhole supported by more
exotic matter, which consists of the radial NEC violating SC
fluid and the transverse NEC violating perfect fluid. Hence,
the dimension of the SC fluid is r0 < r < a and the dimen-
sion of the lateral perfect fluid is b < r < a, where a denotes
the junction radius and b the location where η(b) = −1. In
addition, it is worth noting that the model parameter g con-
tributes little to the radial pressure and transverse pressure,
since the value of the second term in Eq. (15), including
ρ(crit),0, is substantially small. At the same time, one can
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discover that the SC cosmology is very similar with the vis-
cous ωCDM cosmology, namely, one can reconstruct the SC
universe by a viscous ωCDM equation of state.
4 Conclusion and discussions
To summarize, the explanation of the cosmic acceleration
expansion requires the introduction of either a cosmologi-
cal constant, or of a mysterious component so-called dark
energy, filling the universe and dominating its expansion-
ary evolution currently. Given that the universe is smoothly
permeated by a dark-energy fluid, therefore, we should also
investigate the astrophysical scale properties of dark energy.
In the first place, we have considered the important case
ψ ≈ 1 in the Shan–Chen cosmological model, which corre-
sponds to the “saturation effect”, and this regime corresponds
to an effective form of the “asymptotic freedom” in the flu-
ids, occurring at cosmological rather than subnuclear scales.
From this we find two simple solutions of spherically sym-
metrical Einstein equations with the SC equation of state
describing a wormhole. Then we explore the value ranges of
the parameters g and ω when the spacetime metrics describe
wormholes and discuss the singularities of the solutions, and
we find that the spacetimes of the two new solutions are
both geodesically complete. Furthermore, we construct two
traversable wormholes through matching our interior solu-
tions to the exterior Schwarzschild solutions and calculate
the total mass of the wormhole when r ≤ a or r ≤ b, respec-
tively. Subsequently, we take into account the case of the
anisotropic pressure, and we find the most interesting result in
this study that the transverse pressure also exhibits a quintom-
like behavior with the growth of the wormhole dimension,
and it tends to approach the radial pressure with the increas-
ing of the wormhole radius. Finally, we see that the surface
stress-energy σ is zero and the surface tangential pressure ℘
is positive when discussing the surface stresses of the solu-
tions and we analyze the traversabilities of the wormholes.
The centennially celebrated GR is still full of puzzling
implications, especially when confronting the dark matter
and dark-energy mysteries in various scales if the dark sec-
tors are universal. Wormholes are theoretically objects in
the universe which now appear to attract more observational
astrophysics interests and may provide a new window for
new physics. Further work could be to explore the worm-
hole dynamics relations with the analogous studies of black
holes by considering an obvious sensible relation between a
transverse pressure and the energy density and to make some
special choices for the shape function b(r) as well. At the
same time, it is worth to analyze the geodesic motion in the
wormhole spacetime from SC cosmological fluids in detail.
In addition, one can also try to reconstruct viscous cosmology
by the SC cosmological fluid.
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